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We propose to use multiphoton interferences of photons emitted from statistically independent
thermal light sources in combination with linear optical detection techniques to reconstruct, i.e.,
image, arbitrary source geometries in one dimension with subclassical resolution. The scheme is an
extension of earlier work [Phys. Rev. Lett. 109, 233603 (2012)] where N regularly spaced sources
in one dimension were imaged by use of the Nth-order intensity correlation function. Here, we
generalize the scheme to reconstruct any number of independent thermal light sources at arbitrary
separations in one dimension exploiting intensity correlation functions of order m ≥ 3. We present
experimental results confirming the imaging protocol and provide a rigorous mathematical proof for
the obtained subclassical resolution.
Higher order interferences with photons emitted by
statistically independent light sources are an active field
of research with the potential to increase the resolution
in spectroscopy, lithography and interferometry [1–6], as
well as in imaging and microscopy [7–17]. So far, sub-
classical resolution has been achieved by using entangled
photons [3, 8], but it was also shown that initially uncor-
related light fields - non-classical as well as classical - can
be employed for that purpose [13–17]. Recently, Oppel
et al. presented a detection scheme that allows to deter-
mine the source distance d for an array of N equidistant
thermal light sources (TLS) with subclassical resolution
by measuring the Nth-order spatial intensity correlation
function [14].
Here, we show that the scheme presented in [14] can
be generalized to reconstruct, i.e., image, any number of
independent TLS at arbitrary separations in one dimen-
sion by exploiting photon correlation functions of order
m ≥ 3. Measuring higher order correlations enables to
isolate the spatial frequencies of the setup allowing to de-
termine the source distribution with a resolution below
the classical Abbe limit. We outline the imaging protocol
and present experimental results verifying the theoretical
predictions. A physical explanation and rigorous math-
ematical proof of the protocol and the spatial frequency
filtering process is given in the Supplemental Material.
We assume N TLS aligned on a grid in one dimension
with lattice constant d at arbitrary separations, such that
|Rl+1 − Rl| = xl · d, with xl ∈ N, l = 1, . . . , N − 1.
The source geometry is thus determined by the lattice
constant d and the N − 1 adjacent source distances x =
(x1, x2, . . . , xN−1), whereas the spatial frequencies of the
system are given by the tuple of source pair distances
{ξ} ≡ {(x1); (x1 + x2); . . . ; (xl1 + · · · + xl2); . . . ; (x1 +
· · ·+ xN−1)} (see Fig. 1).
To access the set of spatial frequencies {ξ} we make
use of the normalized spatial mth-order intensity corre-
lation function g
(m)
N (r1, . . . , rm) obtained by correlating
the intensities at positions r1, . . . , rm in the far field [18]
g
(m)
N (r1, . . . , rm) ≡
〈: ∏mj=1 Eˆ(−)(rj)Eˆ(+)(rj) :〉ρ∏m
j=1〈Eˆ(−)(rj)Eˆ(+)(rj)〉ρ
. (1)
Here, 〈: · :〉ρ denotes the (normally ordered) quantum
mechanical expectation value for a system in the state ρ
and Eˆ(−)(rj) and Eˆ(+)(rj) are the positive and negative
frequency parts of the total electric field operator at po-
sition rj , given by Eˆ
(+)(rj) =
[
Eˆ(−)(rj)
]†
∝∑l eikrlj aˆl
[14]. In the last expression, aˆl is the annihilation operator
of a photon emitted by source l at Rl and rlj = |Rl−rj |.
Note that since we assume the emitters to be statistically
independent, the state of the field is given by ρ = ⊗lρl,
with ρl =
∑
n Pl(n) |n〉 〈n|, where Pl(n) is the photon
number distribution of source l [19].
In the case of a regular source arrangement with N
equidistant TLS at separation d and m − 1 detectors
placed at r2 = · · · = rm = 0 the mth-order correla-
tion function as a function of the position of the first
detector takes the form g
(m)
N (r1; 0) ≡ g(m)N (δ1; 0) ∝ c +∑N−1
l=1 (N − l) cos(lδ1), with δj = δj(rj) = kd sin [θj(rj)]
FIG. 1. (color online) Scheme of the considered setup: N ir-
regularly arranged TLS are aligned on a grid in one dimension
with lattice constant d such that |Rl+1 − Rl| = xl · d, with
xl ∈ N, l = 1, . . . , N − 1. In the far field of the sources m de-
tectors Dj , j = 1, . . . ,m measure the intensities at r1, . . . , rm,
with δj = δj(rj) = kd sin [θj(rj)].
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2[19, 20]. Note that g
(m)
N (r1) displays all N − 1 differ-
ent spatial frequencies ld, l = 1, . . . , N − 1, of the setup,
equally obtained when measuring the intensity distribu-
tion of a coherently illuminated N slit grating with slit
separation d.
For an irregular source arrangement with arbitrary
separations it turns out that by placing m− 1 detectors
at the so-called magic positions [14]
δj = 2pi(j − 2)/(m− 1) j = 2, . . . ,m , (2)
all spatial frequencies of the source arrangement are sup-
pressed in g
(m)
N (δ1), except those fulfilling the condition
κ (m− 1) = (xl1 + · · ·+ xl2) ∈ {ξ} , (3)
with κ ∈ N. In this case the mth order intensity correla-
tion function takes the form [21]
g
(m)
N (δ1) = A
(m)
0 +
∑
κ
A(m)κ cos(κ (m− 1) δ1) , (4)
where A
(m)
κ is the amplitude of the modulation with fre-
quency κ (m−1); if no element of {ξ} fulfills Eq. (3), i.e.,
all spatial frequencies (xl1 + · · · + xl2) ∈ {ξ} differ from
κ(m− 1), we obtain g(m)N (δ1) = A(m)0 = const.
Note that one can access the magic positions by chang-
ing the positions r2, . . . , rN of the detectors D2, . . . , DN
while monitoring the interference pattern g
(m)
N (δ1) un-
til a modulation of the form
∑
κA
(m)
κ cos(κ (m− 1) δ1)
appears [22]. In this case the relative phase relation
δj − δj−1 = 2pi/(m − 1), j = 3, . . . ,m is fulfilled (see
Eq. (2)). The lattice constant d can then be determined
from δj and δj−1 via d = λ/{(m−1)[sin(θj)−sin(θj−1)]}.
Note further that, in view of Eqs. (3) and (4), the regular
source distribution discussed in [14] is merely a special
case of the outlined imaging protocol with m = N . In-
deed, for x1 = x2 = · · · = xN−1 ≡ 1 we obtain for m = N
g
(N)
N (δ1) = A
(N)
0 +A
(N)
N cos[(N − 1)δ1] . (5)
However, in contrast to Eq. (5), the spatial frequency
filtering process of Eqs. (3) and (4) neither depends on
the number of sources, i.e., it can be applied for m 6= N ,
nor does it rely on a particular source geometry x [21].
Measuring g
(m)
N (δ1) for m ≥ 3 allows to determine all
spatial frequencies ∈ {ξ} fulfilling Eq. (3). However, since
not all of the N(N − 1)/2 spatial frequencies of the un-
known source geometry x are necessarily different, the
scheme has access only to the smaller set of all different
spatial frequencies
F ≡ {all different spatial frequencies ∈ {ξ}} = {fi} .
(6)
F still contains a large amount of information, narrowing
down the set of possible source geometries substantially
so that in most cases a unique solution can be obtained.
FIG. 2. (color online) a) G
(1)
4 (δ1) for N = 4 coherently emit-
ting sources with distances x=(3,1,4) (solid (black) curve) and
g(5)(δ1) for both scenarios of Eq. (8): N = 4 TLS (dotted-
dashed (green) curve) and N = 5 TLS (dotted (magenta)
curve); for the latter two cases four detectors are fixed at the
magic positions. The numerical aperture A(1)1 required by the
classical Abbe limit is indicated by the dashed (black) arrow
below the x-axis; the numerical aperture A(m)1 required for
D1 to scan from one to the next prinicipal maxima is indi-
cated by the solid (red) arrow below the x-axis; the numerical
aperture A(m)1...m required by all detectors Dj , j = 1, . . . , 5 is
indicated by the blue shaded area (see Fig. 1). b) numerical
apertures A(1)1 , A(m)1 and A(m)1...m (in units of A(1)1 = AAbbe)
as a function of correlation order m. As can be seen, A(m)1
and A(m)1...m are always smaller than A(1)1 .
Consider for example the case x = (3, 1, 4). Here,
the set of different spatial frequencies is given by F =
{1, 3, 4, 5, 8}. Measuring all intensity correlation func-
tions of order 3 ≤ m ≤ 9 leads to a unique solution for
the number and distribution of sources
F = {1, 3, 4, 5, 8} → N = 4 with x = (3, 1, 4) ,
(7)
i.e., a unique reconstruction (imaging) of the unknown
source geometry can be achieved. By contrast, for the
set of spatial frequencies F = {1, 3, 4, 5, 8, 9} two possible
solutions for the unknown source geometry exist, namely
F = {1, 3, 4, 5, 8, 9} →
{
N = 4 x = (1, 3, 5)
N = 5 x = (1, 3, 1, 4)
(8)
To remove the remaining ambiguity, additional informa-
tion can be extracted from the amplitudes A
(m)
k of the
correlation functions g
(m)
N (δ1), m ≥ 3 (cf. Eq. (4)). As
an example, we display g(5)(δ1) for the two scenarios of
3Eq. (8) in Fig. 2. The difference in (relative) amplitudes
is clearly visible enabling a discrimination between the
two solutions, so that again an unambiguous reconstruc-
tion is obtained.
Note that the determination of F makes small demands
to the experimental data as only the spatial frequencies
are to be identified (see Fig. 3). The second step - re-
constructing the source geometry x from F - sometimes
requires a better data quality as in order to remove am-
biguities the amplitudes A
(m)
k of the modulations have to
be taken into account.
The proposed imaging technique allows to reconstruct
the source geometry x with a resolution below the Abbe
limit. According to Abbe, for a given numerical aperture
A, the smallest resolvable distance is given by dmin =
λ/(2A), where λ is the wavelength of the light emitted
by the sources [23]. The range δ1 ∈ [0, 2pi] is required in
the far field to resolve this distance as two adjacent prin-
cipal maxima are separated by ∆δ1 = 2pi (see dashed
(black) arrow in Fig. 2a). By contrast, using the imaging
protocol outlined above, the moving detector D1 requires
only the range ∆δ1 = 2pi/(m − 1) to scan two adjacent
maxima, as the fringe spacing is reduced by (m − 1)
(see Eq. (4)). Due to the reduced numerical aperture
A(m)1 required for the moving detector, the resolution for
the moving detector is enhanced by the same factor, i.e.,
overcoming the classical resolution limit by (m− 1) (see
(red) squares in Fig. 2b) [14]. Considering the angular
range of all detectors, i.e., including the detectors placed
at the magic positions, the required numerical aperture
A(m)1...m increases (see (blue) diamonds in Fig. 2b). How-
ever, A(m)1...m remains below the aperture A(1)1 required by
the Abbe limit for all m ≥ 3 (see Fig. 2b). The proposed
imaging protocol is thus able to reconstruct the source ge-
ometry with subclassical resolution. Moreover, it allows
to determine the spatial frequencies of the source ensem-
ble with a substantially reduced number of fit parameters
in comparison to classical imaging techniques. In the for-
mer case only one or at most few spatial frequencies have
to be determined from g(m)(δ1), whereas in the case of
classical imaging techniques all spatial frequencies have
to be identified in the Fourier plane at once.
For an experimental demonstration of the proposed
imaging technique we used up to four statistically inde-
pendent pseudothermal light sources (see Fig. 3). The
pseudo-TLS were realized by use of a He-Ne laser at
λ = 632.8 nm coupled into multimode fibers of diameter
∼ 50µm. The superposition of many modes in a given
multimode fiber leads to a field with Gaussian statistics
at the fiber output, equal to the Gaussian statistics of a
TLS [24]. By mechanically shaking the fiber the modes
are dynamically mixed leading to the required variation
of the pseudothermal field in time. Since multiphoton
interferences of classical sources can be measured in the
high-intensity regime [25], a conventional digital camera
located in the far field of the fibers (z ≈ 0.40 m) was
used to measure the light intensity. Here, each pixel of
the camera can be regarded as an individual detector.
Intensity correlations of arbitrary order g(m)(δ1, . . . , δm)
can be derived by correlating the gray values of m pixels
at δj , j = 1, . . . ,m (see Fig. 1) [20]. A linear polarizer
was placed in front of the camera to ensure that light of
equal polarization was used.
One-dimensional arrangements of pseudo-TLS with
varying sets of source separations x were realized by plac-
ing the end facets of the fibers onto grooves of a mechan-
ical grid with lattice constant d = 570µm. In this way
the source geometries displayed in Fig. 3 have been imple-
mented. To obtain interference signals of high visibility,
the integration time of the camera τi ∼ 100 µs was cho-
sen to be much shorter than the coherence time of the
TLS (τc ∼ 10 ms).
The experimental results for three different source ar-
rangements are shown in Fig. 3. For each setup we col-
lected N = 1000 camera images, each with a different
realization of the pseudothermal field. The intensity dis-
tribution was confirmed to be thermal by measuring the
instantaneous intensities at each pixel over the set of
1000 camera images [24]. By correlating m − 1 pixels
at the magic positions (see Eq. (2)) with another pixel
at δ1 we derived g
(m)(δ1) for m = 3, . . . , 6. Note that
the finite lateral extension of the pseudothermal sources
should prinicpally lead to a spatial envelope of g(m)(δ1).
However, due to the small size of the fiber cores this mod-
ification is small and can be neglected (see Fig. 3). This
allows to use Eq. (4) as a fit function for the experimen-
tal results. In this way we were able to determine from
the modulations displayed in Fig. 3 the set of spatial fre-
quencies F from a least square fit.
According to the theory all occurring spatial frequen-
cies F are integer numbers (see Eq. (3)). This is excel-
lently confirmed by the experimental results (see Table I),
validating the outlined reconstruction algorithm. More-
over, applying the algorithm leads to a unique solution
for all three investigated source arrangements as shown
on the left of Fig. 3.
From Fig. 3 one can see that the measured amplitudes
do not match the theory equally well as the spatial fre-
quencies; moreover, they show larger standard deviations
(see Table I). This can be explained, among others, by
the discrete size of the CCD pixels preventing the m− 1
fixed detectors from being located exactly at the magic
positions. Due to this inaccuracy sometimes a modula-
tion can be seen in the g(m)-signal although a constant
is expected (see, e.g., g
(6)
3 (δ1) in Fig. 3). However, try-
ing to fit these signals with a modulated function leads
to extraordinary large standard deviations of the fitted
frequencies making these cases easily identifiable.
In conclusion we presented a new imaging protocol
making use of linear optical detection techniques in com-
bination with spatial intensity correlation functions of
41
3
−pi 0 pi
1
2
3
δ1
m = 3, F = {1, 3, 4}
−pi 0 pi
1.5
3
4.5
6
δ1
m = 4, F = {1, 3, 4}
−pi 0 pi
0
10
20
δ1
m = 5, F = {1, 3, 4}
−pi 0 pi
0
10
20
δ1
m = 6, F = {1, 3, 4}
2
3
1
−pi 0 pi
1
2
3
δ1
m = 3, F = {1, 2, 3, 4, 5, 6}
−pi 0 pi
1.5
2.5
3.5
δ1
m = 4, F = {1, 2, 3, 4, 5, 6}
−pi 0 pi
2
4
6
8
δ1
m = 5, F = {1, 2, 3, 4, 5, 6}
−pi 0 pi
0
10
20
δ1
m = 6, F = {1, 2, 3, 4, 5, 6}
3
1
2
−pi 0 pi
1
2
3
δ1
m = 3, F = {1, 2, 3, 3, 4, 6}
−pi 0 pi
1.5
4
6.5
9
δ1
m = 4, F = {1, 2, 3, 3, 4, 6}
−pi 0 pi
2
4
6
8
δ1
m = 5, F = {1, 2, 3, 3, 4, 6}
−pi 0 pi
0
10
20
δ1
m = 6, F = {1, 2, 3, 3, 4, 6}
FIG. 3. (color online) Measured mth-order correlation function g(m)(δ1) for m = 3, . . . , 6 (dotted (black) curves), where m− 1
detectors are placed at the magic positions (see Eq. (2)), together with the theoretically expected signals according to Eq. (4)
(solid (blue) curves) for the three source configurations shown on the left. The two lower configurations, having an equal set
of source distances but different source arrangements and thus different set of spatial frequencies F ≡ {fi}, can be clearly
distinguished by the imaging protocol.
F m = 3 m = 4 m = 5 m = 6
fi A
(3)
i fi A
(4)
i fi A
(5)
i fi A
(6)
i
{1, 3, 4} 4.02± 0.01 0.32± 0.08 2.93± 0.03 0.51± 0.19 4.02± 0.01 2.47± 0.88 3.90± 0.31 1.05± 0.66
1.96± 0.01 0.20± 0.04 3.02± 0.02 0.08± 0.01 3.98± 0.01 1.09± 0.24 4.93± 0.01 1.28± 0.16
{1, 2, 3, 4, 5, 6} 3.98± 0.01 0.25± 0.03 5.94± 0.01 0.59± 0.15
5.94± 0.01 0.33± 0.05
2.09± 0.01 0.18± 0.02 3.01± 0.01 1.29± 0.14 4.00± 0.01 0.56± 0.13 2.99± 0.55 0.58± 0.52
{1, 2, 3, 4, 6} 3.97± 0.01 0.05± 0.01 6.06± 0.01 0.51± 0.08
6.06± 0.01 0.17± 0.03
TABLE I. Experimentally measured mean values for the spatial frequencies {fi} and corresponding amplitudes A(m)i , obtained
for the correlation orders m = 3, . . . , 6 according to Eqs. (3) and (4), together with their standard deviations.
order m ≥ 3 to derive the complete set of different spa-
tial frequencies of an arbitrary irregular source arrange-
ment in one dimension. The scheme allows to isolate the
spatial frequencies of the system by use of the spatial
intensity correlation functions g(m); in this way the rel-
evant information about the source distribution can be
extracted with a substantially reduced number of fit pa-
rameters in comparison to classical imaging techniques.
Linking the set of different spatial frequencies F to the set
of source distances x allows in most cases for a unique re-
construction, i.e., imaging, of the irregular source distri-
bution. Remaining ambiguities can be removed by taking
the amplitudes of the higher order intensity correlation
functions into account. The scheme allows for subclassi-
cal imaging, i.e., it requires a numerical aperture smaller
than the classical Abbe limit. Experimental results veri-
fying the theoretical predictions were presented. As this
approach is independent from the photon wavelength and
works without refractive optical elements potential ap-
plications in x-ray imaging, e.g., in astronomy, biology,
medicine and the technical sciences, are expected.
The authors gratefully acknowledge funding by the
Erlangen Graduate School in Advanced Optical Tech-
nologies (SAOT) by the German Research Foundation
(DFG) in the framework of the German excellence ini-
tiative. D.B. gratefully acknowledges financial support
by the Cusanuswerk, Bischo¨fliche Studienfo¨rderung.
[1] D. Leibfried, M. D. Barrett, T. Schaetz, J. Britton,
J. Chiaverini, W. M. Itano, J. D. Jost, C. Langer, and
D. J. Wineland, Science 304, 1476 (2004).
[2] A. N. Boto, P. Kok, D. S. Abrams, S. L. Braunstein, C. P.
Williams, and J. P. Dowling, Phys. Rev. Lett. 85, 2733
(2000).
[3] M. D’Angelo, M. V. Chekhova, and Y. Shih, Phys. Rev.
Lett. 87, 013602 (2001).
[4] M. W. Mitchell, J. S. Lundeen, and A. M. Steinberg,
Nature 429, 161 (2004).
5[5] P. Walther, J.-W. Pan, M. Aspelmeyer, R. Ursin, S. Gas-
paroni, and A. Zeilinger, Nature 429, 158 (2004).
[6] P. R. Hemmer, A. Muthukrishnan, M. O. Scully, and
M. S. Zubairy, Phys. Rev. Lett. 96, 163603 (2006).
[7] M. C. Teich and B. E. A. Saleh, Cesk. Cas. Fyz. 47, 3
47, 3 (1997).
[8] A. Muthukrishnan, M. O. Scully, and M. S. Zubairy,
Journal of Optics B: Quantum and Semiclassical Optics
6, S575 (2004).
[9] G. S. Agarwal, G. O. Ariunbold, J. von Zanthier, and
H. Walther, Phys. Rev. A 70, 063816 (2004).
[10] C. Thiel, T. Bastin, J. Martin, E. Solano, J. von Zanthier,
and G. S. Agarwal, Phys. Rev. Lett. 99, 133603 (2007).
[11] S.-H. Tan, B. I. Erkmen, V. Giovannetti, S. Guha,
S. Lloyd, L. Maccone, S. Pirandola, and J. H. Shapiro,
Phys. Rev. Lett. 101, 253601 (2008).
[12] S. Lloyd, Science 321, 1463 (2008).
[13] V. Giovannetti, S. Lloyd, L. Maccone, and J. H. Shapiro,
Phys. Rev. A 79, 013827 (2009).
[14] S. Oppel, T. Bu¨ttner, P. Kok, and J. von Zanthier, Phys.
Rev. Lett. 109, 233603 (2012).
[15] E. D. Lopaeva, I. Ruo Berchera, I. P. Degiovanni, S. Oli-
vares, G. Brida, and M. Genovese, Phys. Rev. Lett. 110,
153603 (2013).
[16] D. Gatto Monticone, K. Katamadze, P. Traina,
E. Moreva, J. Forneris, I. Ruo-Berchera, P. Olivero, I. P.
Degiovanni, G. Brida, and M. Genovese, Phys. Rev. Lett.
113, 143602 (2014).
[17] M. E. Pearce, T. Mehringer, J. von Zanthier, and P. Kok,
Phys. Rev. A 92, 043831 (2015).
[18] R. J. Glauber, Phys. Rev. 130, 2529 (1963).
[19] D. Bhatti, S. Oppel, R. Wiegner, G. S. Agarwal, and
J. von Zanthier, Phys. Rev. A 94, 013810 (2016).
[20] S. Oppel, R. Wiegner, G. S. Agarwal, and J. von Zan-
thier, Phys. Rev. Lett. 113, 263606 (2014).
[21] See Supplemental Material.
[22] If no modulation appears in g
(m)
N (δ1) this means that the
setup contains no spatial frequency fulfilling the condi-
tion of Eq. (3).
[23] M. Born and E. Wolf, Principles of Optics, 7th ed. (Cam-
bridge University Press, 1999).
[24] T. Mehringer, Master Thesis (Friedrich-Alexander-
Universita¨t Erlangen-Nu¨rnberg, 2013).
[25] I. N. Agafonov, M. V. Chekhova, T. S. Iskhakov, and
A. N. Penin, Phys. Rev. A 77, 053801 (2008).
6SUPPLEMENTAL MATERIAL:
MATHEMATICAL EXPLANATION OF SPATIAL
FREQUENCY FILTERING
For thermal light sources (TLS) the mth-order cor-
relation function g
(m)
N TLS(δ1, . . . , δm) contains N
m multi-
photon quantum paths, where each accumulates an in-
dividual phase. These phases have to be summed up
coherently and incoherently according to their indistin-
guishable and distinguishable final states, respectively,
and hence the correlation function results from consid-
ering all possible final states. In the following we will
show that by looking at the prefinal states instead, i.e.,
all detectors but the moving detector D1 have already
measured a single photon, we are able to derive a math-
ematical and physical explanation of the suppression of
certain spatial frequencies.
When applying the magic positions to the detec-
tors D2, . . . , Dm an astonishing effect appears, namely
the suppression of all spatial frequencies, except for
the frequency (m − 1)δ1 and its higher harmonics in
g
(m)
N TLS(δ1, . . . , δm). Considering the quantum path for-
malism the (not normalized) mth-order correlation func-
tion is given by the complex expression
G
(m)
N TLS(δ1, . . . , δm)
= 〈Eˆ(−)(δ1) . . . Eˆ(−)(δm)Eˆ(+)(δm) . . . Eˆ(+)(δ1)〉ρˆ
=
∑
{nl}
X{nl}|
∑
P{αl}
ei(αl1δ1+αl2δ2+···+αlmδm)|2 , (9)
where the electric field operator
Eˆ(+)(δj) = [Eˆ
(−)(δj)]† ∝
N∑
l=1
aˆle
iαlδj , (10)
has been used, with the relative phase position δj =
kd sin(θj) of the jth detector (see Fig. 1 in the main text)
and the sources’ relative phase prefactors αl (cf. Tab. II).
In Eq. (9),
∑
{nl} sums over all possible m-photon dis-
tributions, i.e., final states, where {nl} = {n1, . . . , nN}
describes the exact partitioning of the m photons accord-
ing to the emitting sources such that
∑N
i=1 ni = m. X{nl}
then denotes the statistical loading according to the nor-
malized light statistics of the light field ρˆ and P{αl} is the
permutation over all phase prefactors αl within a certain
final state.
The phase prefactors αl correspond to the relative
distance between the first and the lth source in units
of the lattice constant d and are given in Tab. II.
Note that the complete set of phase prefactors {αl} =
{α1, . . . , α1, α2, . . . , αN , . . . , αN} contains nl times the
prefactor αl (l = 1, . . . , N), since the lth source has emit-
ted nl photons. Note further that when looking at the
prefinal states only (m − 1) photons are being emitted
such that
∑N
l=1 n
′
l = m− 1.
source number l 1 2 3 . . . N
phase prefactor αl 0 x1 x1 + x2 . . .
∑N−1
l=1 xl
# photons: prefinal state n′1 n
′
2 n
′
3 . . . n
′
l
# photons: final state n1 n2 n3 . . . nl
TABLE II. Source numbers with their corresponding relative
phase prefactors.
Sorting the permutations of the phase prefactors {αl}
with respect to detectorD1, i.e., the last photon emission,
one obtains (cf. Eq (9))
G
(m)
N TLS(δ1, . . . , δm) =
∑
{nl}
X{nl}
× | c1eiα1δ1
∑
P{αl}\α1
ei(αl2δ2+αl3δ3+···+αlmδm)
+ c2e
iα2δ1
∑
P{αl}\α2
ei(αl2δ2+αl3δ3+···+αlmδm) + · · ·
+ cNe
iαNδ1
∑
P{αl}\αN
ei(αl2δ2+αl3δ3+···+αlmδm) |2 , (11)
where cl = 1 (cl = 0) for nl > 0 (nl = 0). P{αl}\αi
(i = 1, . . . , N) now describes all permutations of the set
{αl} with one phase prefactor αi missing.
From Eq. (11) it can be seen that each sum
∑
P{αl}\αi
denotes all possible prefinal (m − 1)-photon quantum
paths that can lead to the final state {nl} with detec-
tor D1 measuring a photon from the ith source, i.e., a
specific prefinal state.
By interchanging the equivalent permutations
P{αl}\αi ↔ P{δj}\δ1 , i.e., permuting the detectors
instead of the sources, and rearranging the expressions
in Eq. (11) we obtain a sum of product terms for each
prefinal state∑
P{δj}\δ1
ei(αl2δj2+αl3δj3+···+αlmδjm )
=
m∑
j2=2
eiαl2δj2
m∑
j3=2
eiαl3δj3 · · ·
m∑
jm=2
eiαlmδjm
−
[ m∑
j2=2
ei(αl2+αl3 )δj2
m∑
j3=2
eiαl4δj3 · · ·
m∑
jm=2
eiαlmδjm
−
m∑
j=2
ei(αl2+αl3+···+αlm )δj − · · ·
]
−
[
. . .
]
− · · · −
m∑
j=2
ei(αl2+αl3+···+αlm )δj . (12)
Each summand of Eq. (12) takes the form
m∑
j2=2
eiα
′
l2
δj2
m∑
j3=2
eiα
′
l3
δj3 · · ·
m∑
jk=2
eiα
′
lk
δjk , (13)
7where k ≤ m and the prefactors α′li are consisting of
combinations of the relative phase factors αli . Each αli
has to be used and contributes exactly one time, leading
to the surjective mapping αli → α′li . Thus the equality∑k
i=2 α
′
li
=
∑m
i=2 αli has to be fulfilled.
In the next step the magic positions
δj =
2pi(j − 2)
(m− 1) j = 2, . . . ,m , (14)
are inserted and the relation
m∑
j=2
eiλδj =
{
0 , λ 6= {0} , mod(m− 1)
(m− 1) , λ = {0} , mod(m− 1) , (15)
valid for the (m − 1)th roots of unity, is applied. As a
result the summand of Eq. (13) vanishes if at least one
α′li 6= {0} , mod(m−1). Hence all α′li
!
= {0} , mod(m−1)
for a non-vanishing contribution and
m∑
i=2
αli =
k∑
i=2
α′li = {0}, mod(m− 1) , (16)
has to be true. As the mapping αli → α′li is surjective
for every summand of Eq. (12), the entire prefinal state
of Eq. (12) vanishes if
∑m
i=2 αli 6= {0}, mod(m− 1) and
consequently will not contribute to g
(m)
N TLS(δ1, . . . , δm).
Therefore, we can determine the contributing final
states with the help of the valid prefinal states (cf.
Eq. (16)). These can be denoted in the following form
for a setup with N sources:
prefinal state: (n′1, . . . , n
′
N )pf
with
N∑
l=1
n′l = (m− 1) , (17)
where again n′l (l = 1, . . . , N) represents the number of
photons emitted by the lth source. The relative phase
factors accumulated for the (m − 1)-photon detection
event can be described by
n′1 α1 + · · ·+ n′N αN
= (α1 + · · ·+ α1)︸ ︷︷ ︸
n′1 times
+ · · ·+ (αN + · · ·+ αN )︸ ︷︷ ︸
n′N times
!
=
m∑
i=2
αli , (18)
where the αli do not have to be pairwise different, since
TLS can emit more than one photon. The contributing
final states, arising from a particular prefinal state, are
then given by:
(n′1, n
′
2, . . . , n
′
N )pf →

((n′1 + 1), n
′
2, . . . , n
′
N )f
(n′1, (n
′
2 + 1), . . . , n
′
N )f
...
(n′1, n
′
2, . . . , (n
′
N + 1))f . (19)
Considering that the last photon is detected by the de-
tector D1 the accumulated relative phase prefactors can
be calculated to (cf. Eq. (16))
m∑
i=1
αli =
m∑
i=2
αli + αl1 = {0},mod(m− 1) + αl1 .
(20)
To obtain interference, due to coherent summation of ac-
cumulated phases, at least two different prefinal states
yielding the same final state are necessary. This leads
to the condition
(αl1)f1 − (αl1)f2 =
(
m∑
i=2
αli
)
pf2
−
(
m∑
i=2
αli
)
pf1
= {0}, mod(m− 1) , (21)
for the last photon detections at detector D1. This re-
sult is equivalent to the phenomenological observation of
Eq. (4) in the main text. Interference can only be pro-
duced from pairs of sources Rl1 and Rl2 whose difference
in phase prefactors, i.e., whose separation (xl1 + · · · +
xl2−1) corresponds to {0}, mod(m−1), whereas photons
originating from other sources lead to a constant offset.
